Experimental observation ͓1͔ that an atomic gas exposed to intense laser radiation can generate harmonics having comparable intensity over a ''plateau'' region of a few dozen harmonic orders stimulated much experimental and theoretical effort to understand the phenomenon, as has been reviewed elsewhere ͓2-6͔. Recently harmonics of order 109 ͓7͔ and 135 ͓8͔ have been observed in rare gases for laser intensities of 10 15 W/cm 2 . Generation of such high-order harmonics with significant intensity may lead to useful sources of short-pulse, short-wavelength coherent radiation ͓5͔. Key features of the experimental observations are now well understood ͓9͔ ͑or at least reproducible theoretically͒, and appear to be general features of strongly driven harmonic systems. In particular, Becker et al. ͓10͔ and others ͓7,11͔ have shown that a zero-range potential model provides a good description of the observed phenomena.
In this paper we present single-atom or -ion theoretical results on high harmonic generation in the presence of a static electric field using an extension of the zero-range potential model treatment of Becker et al. ͓10͔ . Results are presented for two cases treated in Ref. ͓10͔ : harmonic generation by H Ϫ using a CO 2 laser and by Ar using a neodymium-doped yttrium aluminum garnet ͑Nd:YAG͒ laser. For a static field of 100 kV/cm we find strong production of even harmonics. Similar intense production of high even harmonics has been seen by Perry and Crane ͓12͔ in a twocolor experiment. Furthermore we find that the intensities of odd harmonics near the low-order end of the plateau are increased by orders of magnitude. Such large increases in odd high harmonics on the plateau, particularly the low orders, have been predicted theoretically recently for two-color high harmonic generation when the frequencies are multiples of one another and when the two fields have comparable intensities ͓13,14͔. We find increases in the harmonic emission rates of similar magnitude using only a single laser frequency and a static electric field whose amplitude is less than 2% of that of the laser field. A static field thus appears to be a sensitive means for controlling the generation of both even and odd high harmonics.
As Becker et al. ͓10͔ have presented the zero-range potential model for high harmonic generation in complete detail, we restrict ourselves here to introducing the changes in the formulation and in the results due to the static electric field. Details of our calculation will be presented elsewhere ͓15͔. We approximate the potential of the atom or ion by the zero-range potential ͓16-18͔
where ϭͱ2͉E b ͉ and E b is the energy of the bound state. The laser field and the static field are described by
and the vector potential is
where c is the velocity of light, is the laser frequency, and E S and E L are the amplitudes of the static and laser fields. Becker et al. ͓10͔ , the ponderomotive shift is retained, since it is included in the Green's function G.) Also, we assume that states other than the initial state are not significantly populated, so that W(t)ϵ(/2) 1/2 ͓10͔. These two approximations for E and W(t) in Eq. ͑10͒ allow one to obtain an analytic solution for (r,t) from Eq. ͑5͒ that describes the wave function of the electron in all three fields: the potential in Eq. ͑1͒ and the two external fields in Eq. ͑2͒.
The amplitude for generation of a harmonic photon of frequency ⍀ is proportional to the Fourier transform of the dipole moment,
where ⌿(r,t) is the solution of Eq. ͑5͒ and ⑀ is the polarization of the emitted photon. Implicit in Eq. ͑11͒ is the dipole approximation. Since ⌿(r,t) is a dressed state, it is not an eigenstate of parity and hence the amplitude in Eq. ͑11͒ is in general nonzero. While harmonic generation rates should in principle be based on the dipole correlation function, use of the dipole expectation value in single-atom theories is common and has been shown to be justified when interatomic correlation in a gas sample may be neglected ͓20͔. Using the wave function ⌿(r,t) defined by Eqs. ͑5͒-͑10͒, Eq. ͑11͒ may be reduced ͑by rather detailed but straightforward algebra ͓21͔ ͒ to
which involves only a single integral to be evaluated numerically. Equation ͑13͒ involves two field-dependent param-
where U P is the ponderomotive potential. The arguments of the Bessel functions and the functions ␣ and ␤ in Eq. ͑13͒ depend on the parameter ͓where ϵ(tЈϪt), and t and tЈ are defined in Eq. ͑5͔͒:
In the limit E S →0, we have that R→0 and v→0, so that J k Ј (v)→␦ k Ј 0 . Hence, the static field E S is responsible for the second term in curly brackets in Eq. ͑13͒ as well as for the summation over kЈ in Eq. ͑12͒. This second summation over Bessel functions J k Ј (v) greatly increases the numerical effort required to obtain harmonic generation rates, since for a given order harmonic n all amplitudes L k,k Ј * having 2kϩ1ϪkЈϭn must be calculated and summed coherently, i.e.,
͑18͒
This contrasts with the case of a single frequency in the absence of the static field, for which kЈϭ0 and only the amplitude L k,0 * ͑where 2kϩ1ϭn) is nonzero. ͑Similar complexity, of course, attends the case of two-color harmonic generation ͓13,14͔.͒ In the limit E S →0, L n * in Eq. ͑21͒ reduces to the amplitude L k * defined by Becker et al. ͓22͔, where nϵ2kϩ1.
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In Fig. 1 , we present results for the squared amplitudes ͉L n ͉ 2 for harmonic generation in H Ϫ both with and without a static electric field, E S . ͑The harmonic emission rates are proportional to n 3 ͉L n ͉ 2 ͓10͔.͒ These results are for a CO 2 laser of intensity Iϭ5ϫ10 10 W/cm 2 . The dotted line shows the relative emission rates in the absence of a static electric field; these are identical to those of Becker et al. ͓10͔ . In the presence of a static field of amplitude E S ϭ100 kV/cm, the fifth harmonic emission rate increases by about four orders of magnitude and the seventh and ninth harmonic rates increase by about two orders of magnitude. Furthermore, the even harmonics have rates that are comparable to those for the odd harmonics. These large increases in relative harmonic emission occur for a static electric field amplitude that is only 1.65% that of the laser ͑i.e., Rϭ0.0165).
In contrast, similar calculations for harmonic emission in Ar show less dramatic effects. However, these results, shown in Fig. 2 , are for a Nd:YAG laser with intensity Iϭ3ϫ10 13 W/cm 2 . In the absence of the static field, our results again agree with those of Becker et al. ͓10͔. In the presence of a static electric field of amplitude E S ϭ100 kV/cm, the 5th through 11th odd harmonics increase in intensity by about one to two orders of magnitude. The even harmonics are 2-4 orders of magnitude less intense than neighboring odd hamonics. Note, however, that the static electric field amplitude is only 0.07% of that of the laser field ͑i.e., Rϭ6.7ϫ10 Ϫ4 ). How does one interpret the sensitivity of the relative harmonic generation rates shown in Figs. 1 and 2 to the static electric field? Certainly, the static field polarizes the detached electron wave function, thereby enhancing the magnitude of the dipole amplitude in Eq. ͑11͒. According to classical arguments ͓23-26͔, harmonic generation requires the active electron to return to the atom or ion at the origin so that it can give up its kinetic energy, producing a harmonic photon. Electron drift away from the origin reduces the rate of harmonic generation. Certainly the static electric field reflects back to the origin some of the electron amplitude traveling in the direction of increasing electrostatic potential energy. ͑However, determination of the magnitude of the effect of such reflection on the harmonic generation rate would require using a short laser pulse and doing a wave-packet calculation ͓27͔, which we have not done.͒ It is significant in this regard that the most dramatic effects are at the low-order end of the harmonic plateau, as classically the electrons having the lowest kinetic energies are those that are reflected first. ͑The effect of E S on the high harmonic cutoff ͓25,26͔ is to extend it by one harmonic in our H Ϫ case and not at all in our Ar case.͒ It is also interesting that the strongest effect of the static electric field occurs in the tunneling regime; i.e., the Keldysh parameter ͓28͔, ␥ϵ(͉E b ͉/2U P ) 1/2 , is 0.85 for our H Ϫ calculation but 1.6 for our Ar calculation. ͑For ␥Ͻ1, the laser field lowers the atomic binding potential so that the electron may tunnel out.͒ However, our two calculations also have very different ratios R of the static to laser field strengths. The effects of both parameters, ␥ and R, clearly need to be explored over a large parameter space ͓15͔, although this will be quite computationally demanding.
Recently, theoretical predictions for two-color high harmonic generation ͓13,14͔ have found similar increases in the harmonic generation rates in cases in which the two frequencies are commensurate. However, each of the two lasers was of comparable intensity. The increase in the harmonic generation rate was interpreted as due to the second laser's keeping the electron close to the nucleus. A two-color experiment ͓12͔ ͑in which the frequency had an amplitude 4.5% that of the frequency 2) observed production of even 2 harmonics comparable in intensity to the odd 2 harmonics. However, the odd harmonics generally decreased in intensity when the weak field was turned on. Superficially, our results might be interpreted as a limiting case of a two-color calculation. However, our static field amplitude in the two cases we treat is two to four orders of magnitude smaller than that of the laser field amplitude and the effect on the harmonic generation rate is as large or larger than that found in either the two-color calculations ͓13,14͔ or the two-color experiment ͓12͔.
Examining the numerics of our evaluation of Eq. ͑13͒, there is not any overriding explanation for the sensitivity of our results to the static electric field. We have verified that for particular harmonics on the plateau, the harmonic generation rates increase smoothly with increasing values of E S . The largest partial amplitudes L k,k Ј contributing to the total amplitude L n for the nth odd harmonic ͓cf. Eq. ͑18͔͒ are (k,kЈ)ϭ(k,0), (kϪ1,Ϫ2), and (kϩ1,2), where nϭ2kϩ1ϪkЈ. However, to be certain that our results have Competition between harmonic generation and multiphoton ionization has long been of interest as another probe of the final-state dynamics ͓29-31͔. Becker et al. ͓31͔ have found that, as a function of laser intensity, the harmonic emission rates for odd harmonics have cusplike structures at intensities corresponding to the closing of an above-threshold-ionization ͑ATI͒ threshold by the ponderomotive potential, that is, near integer values of (͉E b ͉ϩU P )/. In fact, the cusps are sharp near the eveninteger thresholds, and smoother near odd-integer thresholds. We have calculated the fourth and seventh harmonics of H Ϫ as a function of CO 2 laser intensity in the presence of a static electric field ͓15͔. We find narrow peaks in the fourth harmonic emission rate at intensities corresponding to integer values of (͉E b ͉ϩU P )/, i.e., at the above-thresholddetachment ͑ATD͒ thresholds. The seventh harmonic rate, calculated for a frequency-tripled CO 2 laser, is similar in shape but larger in magnitude than that of Ref. ͓31͔. However, we find no cusplike structures in either case in the presence of the static field.
In summary, we have used a well-established, short-range potential model treatment ͓10͔ to describe the generation of high harmonics in the presence of a static electric field. We find that the harmonic generation rates for odd harmonics at the low end of the plateau increase by orders of magnitude owing to the static electric field, even though the static field amplitude is two to four orders of magnitude smaller than the laser field amplitudes. In addition, significant production of even harmonics is predicted. While the sensitivity of the harmonic generation rates to the static electric field is not completely understood, our results are consistent with both experimental ͓12͔ and theoretical ͓13,14͔ results for two-color high harmonic generation, although the static field appears to have a stronger effect. Thus, a static electric field appears to be a very sensitive means for controlling high harmonic emission rates and, in particular, for producing high even harmonics.
